Abstract. Let M be a real Bott manifold with Kähler structure. Using Ishida characterization [9] we give necessary and sufficient condition for the existence of the Spin-structure on M . In proof we use the technic developed in [12] and characteristic classes.
Introduction
Let Γ be a fundamental group of a real Bott manifold M . From [10] we know that Γ defines a short exact sequence
However above we have a induced holonomy representation ̺ : Z for all g ∈ Z k 2 , π(γ) = g, γ ∈ Γ, z ∈ Z n , where ̺(Z 2 ) k ⊂ D = {A = (a ij ) ∈ GL(n, Z)|a ij = 0, i = j, a ii = ±1, 1 ≤ i, j ≤ n}.
It is well known, ( [10] ), that M is determined by a certain matrix A = [a ij ], where a ij ∈ F 2 . We call A a Bott matrix and we shall denote the manifold M by M (A). In [9] Ishida gave the following necessary and sufficient condition for existence of the Kähler structure on M (A). (1) there exist n subsets {j 1 , j n+1 }, . . ., {j n , j 2n } of {1, 2, . . . , 2n} such that (a)
In this note we are going to examine the existence of the Spin structure on a real Bott manifold with a Kähler structure. We would like to mention that the general condition for existence of Spin structure is considered in ( [6] , [4] ). However we use different new methods which we find interesting. We use different definition of the real Bott manifold which we introduce at the section 2. In the section 3 we prove our main result.
New definition of real Bott manifold
In this section we recall methods introduced in [12] and developed in [11] . Let S 1 be a unit circle in C and we consider authomorphisms g i :
for all z ∈ S 1 . We can identify S 1 with R/Z and for each [t] ∈ R/Z we have
with entries in D which defines a matrix P with entries in the set S = {0, 1, 2, 3} under the identification i ↔ g i , i = 0, 1, 2, 3.
We have the following characterisation of the action of Z 
Using definitions of α and β and the translations given by (3), we obtain the following lemma.
Since
we can view α i and β i as 1-cocycles and define (6)
, where ∪ denotes the cup product. It is well known that
. Hence, elements α j and β j correspond to
where {x 1 , . . . , x d } is the standard basis of Z d 2 and j = 1, . . . , n ([2], Proposition 1.3). Moreover, from the definition of matrix P ∈ S d×n we can write equations (6) and (7) as follows
There is an exact sequence
where d 2 is the transgression and π * is induced by the quotient map π :
and consider the associated to the group extension of (1) . Then
One can see by part (1) of Proposition 2.1 that the image of differential d 2 is an ideal generated by θ j and
For matrix P ∈ S d×n , using (8), we set Id P = θ P 1 , . . . , θ P n and we call this the characteristic ideal of P . The quotient 
is the class of
Moreover, Φ is a monomorphism in degree less that or equal to two.
Definition 2.1. Given a matrix P ∈ S d×n , we define the Stiefel-Whitney class of P , to be the class [w] ∈ C P defined by (9).
Corollary 2.2. ([11]) Suppose P ∈ S
d×n is free and T n /Z ∈ E(n). The group Γ(A) generated by s 1 , . . . , s n is crystallographic group. The subgroup generated by s consists of all transitions by Z n . The action of Γ(A) on R n is free and the orbit space R n /Γ(A) is compact.
Main results
We know that s i ( [10] ) are generators of the crystallographic group Γ(A). Using the same methods as in [12] , [11] , for each strictly upper triangular matrix A = [a ij ] which generates the fundamental group of real Bott manifold M (A) we have P −matrix P A = [p ij ] with diagonal entries 1, entries 0 or 2 in the upper triangular part and entries 0 in the lower triangular part. Since β(0) = β(2) = 1 and β(1) = 1 we get
Now, α(0) = 0, α(1) = α(2) = 1 and
where b ji ∈ {0, 1} for all i = 1, 2, . . . , j − 1. So, we get
where b ij ∈ {0, 1} for all j = 1, 2, . . . , i − 1. Now, let us consider a real Bott manifold with a Kähler structure. We will denote this manifold by RBK manifold. Let the column P k of matrix P A has p kk = 1 and all others entries equal to 0. Then
and M (A) has a Spin-structure if and only if either
Proof. M (A) is 2n−dimensional RBK manifold, so from (11) we get
where b j k i ∈ {0, 1} for all i = 1, 2, . . . , j k − 1 and
From the above consideration we have
It is well known that the manifold M (A) has the Spin-structure if w 2 (M (A)) = 0. In our case
At the end we consider a special case of RBK manifold.
Lemma 3.1. Let M (A) be a RBK manifold with matrix P . Let k be an even number and let P i1 = P i2 = . . . = P i 2k be columns with nonzero entries and all others columns of matrix P have only 0 entries. Then the manifold M (A) has the Spin-structure.
where b i1k ∈ {0, 1} for all k = 1, 2, . . . , i 1 and from the proof of Theorem 3.1 and since k = 2s we get
So, w 2 (M (A)) = 0 and RBK manifold has the Spin-structure. 
5 , x 1 x 6 + x 2 x 6 + x 3 x 6 + x 4 x 6 + x and A 4 , so M (A) has no Spin-structure.
